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Supervised Learning

• X input space, Y output space,
• ‘ : Y � Y ! R loss function,
• � probability on X � Y .

? = argmin
:X !Y

E( ); E( ) := E[‘( ; ( ))]:

given only the dataset ( ; ) =1 sampled independently from �.
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Supervised learning: Goal

Given the dataset ( ; ) =1 sampled independently from �, produceb , such that
Consistency

lim
!1

E(b ) = E( ?); : :

Learning rates

E(b ) � E( ?) � ( ); : : :
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State of the art: Vector-valued case

Y is a vector space

• choose suitable G � f : X ! Yg (usually a convex function
space)

• solve

b = argmin
2G

1 X
=1

‘( ( ); ) + � ( ):

• Well known methods: Linear models, generalized linear models,
Kernel machines, Kernel SVM. Easy to optimize.

• Consistency and (optimal) learning rates for many losses
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State of the art: Structured case

Y arbitrary how do we parametrize G and learnb?
Surrogate approaches

+ Clear theory
- Only for special cases (e.g. classification, ranking, multi-labeling
etc.) [Bartlett et al ’06, Duchi et al ’10, Mroueh et al ’12, Gao et al. ’13]

Score learning techniques

+ General algorithmic framework (e.g. StructSVM [Tsochandaridis et al ’05])
- Limited Theory ( [McAllester ’06] )
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Supervised learning with structure

Is it possible to

(a) have best of both worlds? (general algorithmic framework with
clear theory)

(b) learn leveraging the local structure of the input and the output?

We will address (a), (b) using embeddings
(related techniques: Cortes et al. 2005; Geurts, Wehenkel, d’Alché Buc ’06;

Kadri et al. ’13; Brouard, Szafranski, d’Alché Buc ’16)
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Structured learning with implicit
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Characterizing the target function

? = argmin
:X !Y

E[‘( ( ); )]:

Pointwise characterization

?( ) = argmin
02Y

E[‘( 0; ) j ]
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Characterizing the target function

~( ) = argmin
02Y

E[‘( 0; ) j ]

E[‘(~( ); )] = E [E[‘(~( ); )j ]]

= E [ inf
02Y

E[‘( 0; )j ]]

� E[‘( ( ); )]; 8 : X ! Y:

Then E(~) = inf :X !Y E( ) (measurability issues solved via Berge
maximum theory for measurable functions).
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Implicit embedding

A1. There exists Hilbert space H and  ; � : Y ! H, bounded
continuous such that

‘( 0; ) := h ( 0); �( )i :

Theorem (Ciliberto, Rosasco, Rudi ’16)
A1

1. ‘ Y
2. ‘ Y � R

3. ‘ Y � M M
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Idea for a unified approach

When A1 holds
?( ) = argmin

02Y
E[‘( 0; ) j ]
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Idea for a unified approach

When A1 holds
?( ) = argmin

02Y
h ( 0); �?( )i

with �?( ) = E[�( )j ] conditional expectation of �( ) given
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The estimator

Given b� estimating �?, define
b( ) = argmin

02Y
h ( 0); b�( )i
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How to compute b�

�? = E[�( )j ] is characterized by

�? = argmin
�:X !H

E[k�( ) � �( )k2]

use standard techniques for vector valued problems. Given G
suitable space of functions

b� = argmin
�2G

1 X
=1

k�( ) � �( )k2 + �k�k2:

14



How to compute b�

�? = E[�( )j ] is characterized by

�? = argmin
�:X !H

E[k�( ) � �( )k2]

use standard techniques for vector valued problems. Given G
suitable space of functions

b� = argmin
�2G

1 X
=1

k�( ) � �( )k2 + �k�k2:

14



G space of linear functions

Let X be a vector space and G = X 
 H, then

b�( ) =
X
=1

� ( ) �( );

where
� ( ) := [( + � )�1 ( )] ;

and ( ) = ( >
1; : : :

> ) 2 R , 2 R �
; = > .
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non-parametric model

Let : X � X ! R be a kernel on X . Denote by F the
induced by over X . Let G = F 
 H, then

b�( ) =
X
=1

� ( ) �( );

where
� ( ) := [( + � )�1 ( )] ;

and ( ) = ( ( ; 1); : : : ( ; )) 2 R , 2 R �
; = ( ; ).

16



Algorithm and properties



Explicit representation ofb

When b� is a non-parametric model, then
b( ) = argmin

02Y
h ( 0); b�( )i
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*
 ( 0);

X
=1

� ( )�( )

+
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Explicit representation ofb
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Explicit representation ofb

When b� is a non-parametric model, then
b( ) = argmin

02Y

X
=1

� ( )‘( 0; ):

No need to know H; �;  to run the algorithm!
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Recap

• Given ‘ satisfying A1
• : X � X ! R, kernel on X

The proposed estimator has the form

b( ) = argmin
02Y

X
=1

� ( )‘( 0; );

with � ( ) := [( + � )�1 ( )] ; and ( ) = ( ( ; 1); : : : ( ; )) 2 R ,
2 R �

; = ( ; ).

• Applicable to a wide family of problems (no need to know H; �;  )

• Only optimization on Y and not on f : X ! Yg = YX

• Generalization properties?

18



Recap

• Given ‘ satisfying A1
• : X � X ! R, kernel on X

The proposed estimator has the form

b( ) = argmin
02Y

X
=1

� ( )‘( 0; );

with � ( ) := [( + � )�1 ( )] ; and ( ) = ( ( ; 1); : : : ( ; )) 2 R ,
2 R �

; = ( ; ).

• Applicable to a wide family of problems (no need to know H; �;  )

• Only optimization on Y and not on f : X ! Yg = YX

• Generalization properties?

18



Properties ofb

Theorem (Comparison inequality)
‘ A1 b� : X ! H

E(b) � E( ?) � 2  

p
E[kb�( ) � �?( )k2]:

 = sup 02Y k ( )k
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Consistency ofb

Theorem (Universal consistency - Ciliberto, Rosasco, Rudi ’16)
‘ A1 � = �1=4

lim
!1

E(b) = E( ?);

1
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Learning rates ofb

Theorem (Rates - Ciliberto, Rosasco, Rudi ’16)
‘ A1 �? 2 G � = �1=2

E(b) � E( ?) � 2  
�1=4; : : :
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Check point

We provide a framework for structured prediction with

• theoretical guarantees as empirical risk minimization
• explicit algorithm applicable on wide family of problems (Y; ‘)
• some important existing algorithms are covered by this
framework (not seen here)
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Case studies:

• ranking with different losses (Korba, Garcia, d’Alché-Buc ’18)

• Output Fisher Embeddings (Djerrab, Garcia, Sangnier, d’Alché-Buc ’18)

• Y = manifolds, ‘ = geodesic distance (Ciliberto et al. 18)

• Y = probability space, ‘ = wasserstein distance (Luise et al. 18)

Refinements of the analysis:

• different derivation (Osokin, Bach, Lacoste-Julien ’17; Goh ’18)

• determination of the constant ψ in terms of log jYj for discrete sets
(Nowak, Bach, Rudi ’18; Struminsky et al. ’18)

Extensions:

• application to multitask-learning (Ciliberto, Rosasco, Rudi ’17)

• beyond least squares surrogate (Nowak, Bach, Rudi ’19)

• regularizing with trace norm (Luise, Stamos, Pontil, Ciliberto ’19)

• localized structured prediction (Ciliberto, Bach, Rudi ’18)
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Leveraging local structure



Local Structure
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Parts and locality

We are interested in problems where we have a set of that
capture:

-locality -locality
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yp0
<latexit sha1_base64="EVIifchu1aLuRqeQ59O0FAtn59E=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE9lV0R9Fj04rGC/YB2Kdk028ZmkyXJCsvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/XbT0wbruSDzRIWxGQoecQpsU5qZf08OZv0K1Wv5s2Al4lfkCoUaPQrX72BomnMpKWCGNP1vcQGOdGWU8Em5V5qWELomAxZ11FJYmaCfHbtBJ86ZYAjpV1Ji2fq74mcxMZkceg6Y2JHZtGbiv953dRG10HOZZJaJul8UZQKbBWevo4HXDNqReYIoZq7WzEdEU2odQGVXQj+4svLpHVR872af39Zrd8UcZTgGE7gHHy4gjrcQQOaQOERnuEV3pBCL+gdfcxbV1AxcwR/gD5/AJOKjx0=</latexit><latexit sha1_base64="EVIifchu1aLuRqeQ59O0FAtn59E=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE9lV0R9Fj04rGC/YB2Kdk028ZmkyXJCsvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/XbT0wbruSDzRIWxGQoecQpsU5qZf08OZv0K1Wv5s2Al4lfkCoUaPQrX72BomnMpKWCGNP1vcQGOdGWU8Em5V5qWELomAxZ11FJYmaCfHbtBJ86ZYAjpV1Ji2fq74mcxMZkceg6Y2JHZtGbiv953dRG10HOZZJaJul8UZQKbBWevo4HXDNqReYIoZq7WzEdEU2odQGVXQj+4svLpHVR872af39Zrd8UcZTgGE7gHHy4gjrcQQOaQOERnuEV3pBCL+gdfcxbV1AxcwR/gD5/AJOKjx0=</latexit><latexit sha1_base64="EVIifchu1aLuRqeQ59O0FAtn59E=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE9lV0R9Fj04rGC/YB2Kdk028ZmkyXJCsvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/XbT0wbruSDzRIWxGQoecQpsU5qZf08OZv0K1Wv5s2Al4lfkCoUaPQrX72BomnMpKWCGNP1vcQGOdGWU8Em5V5qWELomAxZ11FJYmaCfHbtBJ86ZYAjpV1Ji2fq74mcxMZkceg6Y2JHZtGbiv953dRG10HOZZJaJul8UZQKbBWevo4HXDNqReYIoZq7WzEdEU2odQGVXQj+4svLpHVR872af39Zrd8UcZTgGE7gHHy4gjrcQQOaQOERnuEV3pBCL+gdfcxbV1AxcwR/gD5/AJOKjx0=</latexit><latexit sha1_base64="EVIifchu1aLuRqeQ59O0FAtn59E=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE9lV0R9Fj04rGC/YB2Kdk028ZmkyXJCsvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/XbT0wbruSDzRIWxGQoecQpsU5qZf08OZv0K1Wv5s2Al4lfkCoUaPQrX72BomnMpKWCGNP1vcQGOdGWU8Em5V5qWELomAxZ11FJYmaCfHbtBJ86ZYAjpV1Ji2fq74mcxMZkceg6Y2JHZtGbiv953dRG10HOZZJaJul8UZQKbBWevo4HXDNqReYIoZq7WzEdEU2odQGVXQj+4svLpHVR872af39Zrd8UcZTgGE7gHHy4gjrcQQOaQOERnuEV3pBCL+gdfcxbV1AxcwR/gD5/AJOKjx0=</latexit>

yp
<latexit sha1_base64="WR8qk2xfr8J4rwyfdPQyGWY29xk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzwdFOh3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QMxmI7s</latexit><latexit sha1_base64="WR8qk2xfr8J4rwyfdPQyGWY29xk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzwdFOh3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QMxmI7s</latexit><latexit sha1_base64="WR8qk2xfr8J4rwyfdPQyGWY29xk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzwdFOh3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QMxmI7s</latexit><latexit sha1_base64="WR8qk2xfr8J4rwyfdPQyGWY29xk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7EyGE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJ7cx/fOLaiEQ9YJ7yIKYjJSLBKFrJzwdFOh3UG27TnYOsEq8kDSjRHtS/+sOEZTFXyCQ1pue5KQYF1SiY5NNaPzM8pWxCR7xnqaIxN0ExP3ZKzqwyJFGibSkkc/X3REFjY/I4tJ0xxbFZ9mbif14vw+g6KIRKM+SKLRZFmSSYkNnnZCg0ZyhzSyjTwt5K2JhqytDmU7MheMsvr5LORdNzm979ZaN1U8ZRhRM4hXPw4ApacAdt8IGBgGd4hTdHOS/Ou/OxaK045cwx/IHz+QMxmI7s</latexit>

Examples

Images: (overlapping) patches of a fixed size, overlapping pyramids
on patches, ...

Audio: (overlapping) windows in time/frequency space, ...
25



Loss Functions

‘( 0; ) =
X

2

‘0([
0] ; [ ] )

• set indicizes the parts
• ‘0 loss on parts
• [ ] is the -th part of
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Examples of loss functions

‘( 0; ) =
X

2

‘0([
0] ; [ ] )

Many losses in computer vision, multilabeling, multitask learning
(Ciliberto, Bach, Rudi ’18)

Example (Hamming like loss is implicitly by parts)
Let Y be space of circular sequences of length . Let the set of
subsequences of length < .

‘( 0; ) =
1 X

=1

�‘( 0; ) =
1

j j
X

2

‘0([
0] ; [ ] );

‘0([
0] ; [ ] ) =

1 �1X
=0

�‘( 0
+ ; + ):
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Building the estimator

Assume that ‘0 satisfied A1. Then

‘( 0; ) =
X

2

h ([ 0] ); �([ ] )i ;

and the target function is characterized by

?( ) = argmin
02Y

X
2

h ([ 0] ); �?( ; )i ;

with
�?( ; ) = E[�([ ] ) j ]

conditional expectation of the -th part of , given .

28



Learning �?( ; )

Analogously to the other case we have

�? = argmin
�:X � !H

X
2

E[k�( ; ) � �([ ] )k2] + �k�k2:

Applying empirical risk minimization

b� = argmin
�2G

1 X
2

X
=1

k�( ; ) � �([ ] )k2 + �k�k2:
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Non-parametric estimator for �?

Selecting G = F 
 H with F a reproducing kernel on � , we have

b�( ; ) =
X

02

X
=1

� ; 0( ; )�([ ]0 );

with � ( ; ) = [( + � )�1 ( ; )] ; 0 , ( ; ) ; 0 = (( ; ); ( ; 0))

with 2 R j j and 2 R j j� j j with ( ; 0);( ; 00) = (( ; 0); ( ; 00).
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